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Abstract 

We find the space-time supersymmetric and ^-invariant action for a D3-brane 
propagating in the AdS§ x S 5 background. As in the previous construction of the 
fundamental string action in this maximally supersymmetric string vacuum the 
starting point is the corresponding superalgebra su(2, 2|4). We comment on the 
super Yang-Mills interpretation of the gauge-fixed form of the action. 
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1 Introduction 



The action of a D3-brane probe propagating in a curved type IIB supergravity back- 
ground is described by a combination of a Born-Infeld-type term and a Wess-Zumino 
type term (see, e.g., 0, H, H |], |])- The supersymmetric and /t-invariant expressions for 
the D3-brane action in flat space and general type IIB backgrounds were constructed in 

SSI- 

Type IIB supergravity has two maximally supersymmetric vacua: flat space and 
AdS$ x S 5 background [§]. In the case of the flat space the D3-brane action computed 
in the static gauge and K-symmetry gauge is a non-linear generalisation of the abelian 
M = 4 supersymmetric Yang-Mills action which has 16 linearly and 16 non-linearly 
realised supersymmetries J7|. Since AdS§ x S 5 is the large charge or near-horizon limit 



1C] of the D3-brane solution of [11, 12], the corresponding action may be interpreted as 
describing a D3-brane probe propagating near the core of a D3-brane source. 

In string theory, a collection of N parallel D3-branes is described by connecting open 
strings |l|, or (at low energies) by U(N) SYM theory [[13]. The action for a single D3- 
brane separated from N — 1 others is obtained by integrating out massive open strings 
stretched between the 'probe' and the 'source' (see, e.g., 0]). In the large N (large 
charge) limit the Bl-type D3-brane action should essentially coincide with the leading IR 
part of the quantum M = 4 SYM effective action obtained by keeping the U(l) N — 4 
vector multiplet as an external background and integrating out massive SYM fields 
[15, [16|, O, |18[. Since the quantum M = 4, D = 4 SYM theory is conformally invariant, 



the resulting action should also have (spontaneously broken by scalar field background 
and thus non-linearly realised) conformal symmetry. The non-linear conformal invariance 
of the bosonic part of the static-gauge D3-brane action in AdS$ x S 5 was demonstrated 
in 



T7L PLED 



Our aim will be to find the complete supersymmetric (invariant under the 32 global 
supersymmetries of the AdS§ x S 5 vacuum) and K-invariant form of the D3-brane action 
in AdS§ x S 5 space. After fixing the static gauge and K-symmetry gauge the action 
will have a 'SYM effective action' interpretation. Like the flat space action, it will have 
16 linear and 16 non-linear (conformal) supersymmetries. Its conformal invariance is a 
consequence of the SO (4, 2) x 5*0(6) isometry of the AdS§ x S 5 metric and is manifest 
before the static gauge fixing. 

The knowledge of such supersymmetric action is quite non-trivial in view of its non- 
polynomiality and the absence of the manifestly supersymmetric Af = 4 (superfield) 
formalism: one effectively determines the exact supersymmetry transformation laws to 
all orders in low-energy expansion. The fermionic structure of the action is of interest 
also in connection with recent discussions of the SYM-supergravity correspondence (see, 

e. g ., iiii unii, n). 



One possible approach to the construction of the action is to start with the general 
type IIB background actions in || [7|, || and plug in the type IIB superfields representing 
the AdS§ x S 5 vacuum (the corresponding supergeometry was recently discussed in |28|, 
^Oj). This approach, however, is indirect and somewhat complicated as it does not make 
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explicit use of the basic symmetries of the problem. 

Our strategy will be instead to use directly the supergroup S77(2, 2|4) which is the 
underlying symmetry of the AdS$ x 5 5 string vacuum.El As in the previous construction 
of the type IIB string action in AdS§ x 5 5 ||29|| , we shall obtain the space-time super- 



symmetric and ft-symmetric D3-brane action in terms of the invariant Cartan one-forms 
defined on the coset superspace SU(2, 2|4)/[50(4, 1) <8> SO (5)]. Our method is concep- 
tually very close to the one used in to find the action of a D3-brane propagating 
in flat space as a D = 4 'Born-Infeld plus Wess-Zumino' -type model on the flat coset 
superspace (D = 10 super Poincare group)/(D = 10 Lorentz group). 

As in |[29|| , our starting point will be the superalgebra su(2, 2|4) containing the two 
pairs of translations and rotations, (P a , J a b) for AdS$ and {P a ',J a 'v) for S 5 , and the 
supersymmetry generators (32 odd translations) which form the two D = 10 Majorana- 
Weyl spinors Cfi% of the same chirality. Our notation and conventions will be close to 
those of [^9] and are explained in Appendix A where we also write down the commutation 
relations for sw(2,2|4). Appendix B contains some basic relations for Cartan forms L A 
on the coset superspace. 



2 Cartan forms 

To find the manifestly super-invariant and ^-invariant D3-brane action we will use the 
formalism of Cartan forms on the coset superspace SU(2, 2|4)/[50(4, 1) <g> 5*0(5)]. The 
left- invariant Cartan 1-forms 

L A = dX M Li , X M = (x,6), 

are defined by 

G~ 1 dG= L h P a + h} 1 J &i + L & Q & , (2.1) 

where G = G(x,0) is a coset representative in 577(2, 2|4). L a and L a ' are the 5-beins, 
L al ' 2 are the two Majorana-Weyl spinors and L ab and L a b (L aa = 0) are the Cartan 
connections (for their detailed form see and Appendix B). They satisfy the Maurer- 
Cartan equations (B.1)-(B.4) implied by the structure of the sm(2,2|4) superalgebra. 
A specific choice of G(x, 9) which we shall use in this paper is 

G = g(x)<M, (2.2) 

where g{x) is a coset representative of [5*0(4,2) ® 50(6)]/[50(4, 1) ® 50(5)], i.e. x = 
(x^, x^') provides a certain parametrization of AdS*, x 5 5 which may be kept arbitrary! 

1 Since the U(l) symmetry relating the two supercharges of IIB supergravity is not a symmetry of 
type IIB string theory [||[ one is to omit this U(l) factor from the £7(2, 2|4) symmetry of the 
supergravity vacuum. The corresponding superalgebra we use in this paper does not contain the U(l) 
and central charge generators. In mathematics literature this superalgebra is denoted by psu(2,2\4)) 
, but we will use its common 'simplified' notation. 
2 The use of a concrete parametrization for is needed, however, to find the representation for the 
2-form F which enters the BI action (see below) . As in the flat space case Q , F cannot be expressed in 
terms of the Cartan forms only. 
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Then 

G- l dG = e- 0Q De eQ , (2.3) 
where D is the closed covariant differential 

D = d+iA/ a6 + e a P a , D 2 = 0. (2.4) 

The explicit form of D9 is 

DO = (d + ^ aS r aS - l -£e*a+T a )d , (2.5) 

where the matrices cr+ and £ are defined in Appendix A. 

Let us note that in the 32-component spinor notation used in the present paper the 
superstring action in AdS§ x S 5 background found in |H| has the following form valid 
in an arbitrary parametrisation (dM^ = M2) 

1 r J2 . 



I = -- / dVvs g x > L1L a 3 + / H 3 , (2.6) 

2 JM 2 JM 3 

H 3 = LL a A LT & A /CL . 
In the explicit parametrisation (2.2) 

I = ~ I d 2 a\y^ g ij L\L) + 4ie ij ' C dt L% dV^KL 

where the notation are explained in (A.6| )^ [B~9| ). 



jt 



(2.7) 



3 D3-brane action 

The D3-brane action depends on the coset superspace coordinates X M = (x m , 6) and 
vector field strength diAj — djAi. As in H 0, ||, it is given by the sum of the BI and 
WZ terms 

S = Sbi + 5*wz j (3-1) 
where (we set the 3-brane tension to be 1 and M 4 = <9M 5 ) 

Sbi = - / d 4 a yf-detiGij + Fij) , (3.2) 

Swz = / ^4 = H5 > H 5 = rff2 4 . (3.3) 

The induced world-volume metric is = 0, 1, 2, 3) 

= L\L\ = d^ M L h M d,X N L% , L\X{a)) = da l Lf . (3.4) 
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The supersymmetric extension F = ^F^da 1 Adcr- 7 of the world- volume gauge field strength 
2-form dA is found to be 

F = dA + 2i f 1 dt L\ A BY h KL t , (3.5) 
Jo 

where L1(x,8) = L a (x,t8), L t (x,9) = L(x,t6). The ^-dependent correction term in 
751) given by the integral over the auxiliary parameter t is exactly the same 2-form as 



in the string action (|2.7|) . This representation corresponds to the specific choice of coset 
representative made above. Note that while F is not expressible in terms of Cartan forms 
only, its exterior derivative is 

dF = il A L A JCL , L = L a r a . (3.6) 

This important formula can be proved my making use of the Maurer-Cartan equations 
and equations (p.ll| )- (|B.13|) from Appendix B. 

As a result, dF is manifestly invariant under supersymmetry, and then so is F, pro- 
vided one defines appropriately the transformation of A to cancel the exact variation of 
the second (string WZ) term in ( |3.5| ) (cf. || 0). Note that this is the same transforma- 
tion that is needed to make the superstring action (|2.7| ) defined on a disc and coupled 
to A at the boundary invariant under supersymmetry. 

As in flat space [|, [7]], the super-invariance of S\yz follows from supersymmetry of 
the closed 5-form H 5 = dVL^. We shall determine the supersymmetric H 5 from the 
requirement of K-symmetry of the full action S which fixes this 5-form uniquely. The 
Ac-transformations are defined by (see 



6 K x & = 0, 5J = k, (3.7) 
where the transformation parameter satisfies the constraint 

Fk = k, T 2 = l. (3.8) 

r is given by 

e h...i A , j y 1 \ 

J-^Pt n,, + F,^ V4! 4 8 / 



'-det(G ii + F 
where 

Fh...i„ = L[ h . . . L in] , Li = L°;F a . (3.10) 

The corresponding variation of the metric is 

S K G, tj = -2i6 J{L l L j + LjLi) . (3.11) 

The variation of F is given by 

5 K F = 2i5 K 6L A K.L , (3.12) 
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or, in components, 

<5„F fi = 2iSj(L i KL j - LjJCLi) . (3.13) 

Our main statement is that the D3-brane action S in (3.1) is /t-invariant provided the 
5-form H 5 is given by 

H 5 = ilA (-L A L A LS + F A Ljj A L 

+ ^ ^e ai - aB L ai A ... A L as + ^'i-^'sl ' 1 A ... A L a ' 5 ) . (3.14) 

It is possible to check (using Maurer-Cartan equations and Fierz identities) that H$ is 
closed, i.e. the equation ( |3.3| ) is consistent and thus determines S\yz- 

The important fact is that H 5 is expressed in terms of the Cartan 1-forms and super- 
invariant F only. This implies that H 5 is invariant under space-time supersymmetry. 
Then from ( |3.3|) we conclude that 5 susy fi4 is exact, so that the WZ term (|3.3|) , like the 
BI term (|3.2| ), is supersymmetry invariant. 

To put the fermionic part of the WZ term in the action in a more explicit form let 
us make a rescaling 9 — > t6 and define 

Hu = H 5 \g-> t 6 , F t = F|e_»te . (3.15) 
Since L(x,W9) = L t (x,t'9) = L tt i(x,9) one can show that (cf. (|3.5|),(|3~6|)) 

F t = dA + 2i / dt' 9L t , A KL t , , d t F t = 2\9L t A KL t . (3.16) 
Jo 

Then using the defining equations for the Cartan forms (|B.11| )- (|B.13|) one finds from 
(|3.14|) the following differential equation 



d t H 5t = d 



2i(-9L t AL t A L t £L t + 9L t A F t A JL t ) 
o 



(3.17) 



which determines the ^-dependence of H^. With the initial condition 



(H 5t ) t=0 = H 5 \ e=0 = H { t se) = ^(e ai - a5 e ai A...AeH ^-"V 1 A ... A e a ' 5 ) , (3.18) 

where e a and e a ' are (pull-backs of) the vielbein forms of AdS§ and S 5 , we conclude that 
H 5 = (H 5t ) t= i is given by dQ,4 (see ( |3.3| )) where 



fi 4 = 2i jf dt Q^Lt A L t A L t £ L t + 9L t A Ft A JLt) + fi? ose) . (3.19) 
The explicit form of the ^-independent part flf ose ^ (satisfying dVL^ ose ^ = H§ bose ^) depends 



on a particular choice of coordinates on AdS§ x S 5 . Thus the WZ term in (|3.3j ) can be 
written as (cf. (|2.7|)) 

S wz = 2i[ f 1 dt(leZ t AL t AL t £L t + 6L t AF t A JL t ) + [ H$ se) . (3.20) 



Using ( B.14j) ,( [B.15|) one can then find the expansion of S\yz i n powers of 9. 

It is useful to recall that the only non-trivial background fields in AdS$ x S 5 vacuum 
are the space-time metric and the self-dual RR 5-form. The bosonic parts of the last two 
terms in H§ (|3.14f) represent, indeed, the standard bosonic couplings of the D3-brane to 
the 5-form background (their explicit coordinate form can be found, e.g., in f20|). The 
action we have obtained contains also the fermionic terms required to make this coupling 
super symmetric and K-invariant. 

Let us stress again that we have started with the BI action expressed in terms of 

(determined in as implied by the 



the Cartan 1-forms and the 2-form in 
structure of AdS<$ x S 5 space or the su(2, 2|4) superalgebra. We then fixed the form of H 5 
from the requirement of K-symmetry of the full action. The fact that we have reproduced 
the bosonic part of the self-dual 5-form is in perfect agreement with the result of || || 
that the D3-brane action is ^-invariant only in a background which is a solution of IIB 
supergravity (for AdS$ x S 5 space this implies the presence of the non-trivial self-dual 
5-form field §). 



4 Remarks on gauge fixing 

To summarize, we have found the supersymmetric action for D3-brane probe propagating 
in AdS$ x S 5 background. The action is given by (pTT| ) (pT5| ) , (|3.20|) , with the closed 5- 
form defining the WZ term given in (3.14). 



This action is world- volume reparametrisation invariant and K-invariant. Its advan- 
tage is that it is manifestly invariant under the symmetries of AdS$ x S 5 vacuum: bosonic 
isometries 50(4,2) x SO (6) and 32 supersymmetries. However, it does not have a par- 
ticularly simple form when written in terms of the coordinates (x, 8), even using the 
closed expressions for the Cartan forms in terms of 9 |3(J given in ( |B.14j ),( |B.15| ). 



To put the action in a more explicit form and also to establish a connection to 
the SYM theory discussed in the Introduction we need to (i) choose special bosonic 
coordinates in AdS$ x S 5 , (ii) fix the static gauge so that the D3-probe is oriented parallel 
to the D3-source, and (iii) fix the ^-symmetry gauge in a way that simplifies the fermionic 
part of the action. After fixing the local symmetry gauges only the IS0(3, 1) ® 50(6) 
and 16 supersymmetries part of the original symmetry will remain manifest, while the 
superconformal symmetry will be realised non-linearly. 

One standard choice of the bosonic coordinates in AdS^ x 5 5 is such that ds 2 = 
jpdxidxi + ^dx s dx s , where x 2 = x s x s , s = 1, ...,6, and R is the radius (which is set 
equal to 1 in the rest of the paper). The static gauge choice is then Xi = <7j.i 

Both D3-brane actions - in flat space and in AdS§ x S 5 space - inherit the full set of the 
32 supersymmetries of the corresponding type IIB supergravity vacua. Their gauge-fixed 
forms, however, have only 16 linearly realised supersymmetries. The interpretation of the 
remaining 16 supersymmetries as conformal ones is possible only in the AdS$ x S 5 case. 



3 The flat-space limit (which is possible to take in the D3-brane action before the static gauge choice) 
is obtained by changing the coordinates so that x 2 = R 2 e~ 2z ^ R , etc., and taking the limit R — > oo. 
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Moreover, this interpretation seems to depend on a proper choice the /t-symmetry gauge 
which should be different, e.g., from the 9\ = choice in jTJ. How to fix /t-symmetry 
gauge in the AdS^ x S 5 action case in the most natural way is an important and open 
question. The difference between the two actions is related to the fact that while the 
flat space action has explicit scale a', the role of such scale in the Ad S§ x S 5 action is 
played by the modulus of the scalar fieldB 

A more complicated open problem is a non-abelian generalisation of the abelian D3- 
brane action we have found. As the AdS§ x S 5 action is different from the flat space 



one this problem may have a different solution compared to the one proposed in pb \. 
One obvious suggestion - to replace the fields (x, 9, A) by U (N) matrices and to add the 
overall symmetrised trace - may not work as the trace structure of the quantum SYM 
action appears to be more involved (cf. ||15|| ). 
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Appendix A Notation and conventions 

We use the following conventions for indices: 

a, b, c = 0, 1, . . . , 4 so(4, 1) vector indices (AdS$ tangent space) 

a', b', c' — 5, . . . , 9 so(5) vector indices (S 5 tangent space) 

a, b, c = 0, 1, . . . , 9 combination of (a, a'), (6, b'), (c, c') {D = 10 vector indices) 

a, /3, 7, 5 — 1, . . . , 4 so(4, 1) spinor indices (AdS$) 

a', ft ', -y', 5' = 1, . . . , 4 so(5) spinor indices (5 5 ) 

a, f3, 7 = 1, . . . , 32 D = 10 Majorana-Weyl spinor indices 

The commutation relations of the even part of su(2, 2|4) which is so(4, 2) © so(6) are 

[Pa, Pb] = Jab , [Pa', Pb'} = —Ja'b' , 

[Pa, Jbc] = VabPc ~ VacPb , [Pa', Jb'c'} = Va'b'Pc' ~ Va'c'Pb' , 

[Jab, Jed] = VbcJad + 3 terms , [J a > b >, J dd! \ = r) b > c >J a r d > + 3 terms . 



4 Let us note also that in contrast to the AdS^ x S 5 one, the flat-space Bl-type D3-brane action 
is not related to quantum SYM theory - the higher-order terms in it may be interpreted as tree-level 
string-theory a' corrections. 
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In |29j the commutation relations for the odd part were written in terms of 16-component 
spinor notation. It turns out, however, that calculations are simplified if one uses the 
32-component notation. We shall use the following representation for 32 x 32 T-matrices 

r a = 7 a ®l®a 1 , r a ' = l® 7 a '® ( T 2 , C = C ®C ®ia 2 , (A.l) 

where C, C and C are the charge conjugation matrices for so(9, 1), so(4, 1) and so(5) 
Clifford algebras respectively. The Majorana condition is = ijrtpo = \$/ T C. The 5d 
Dirac matrices satisfy 7^7^ = rf h = (- + + + +) , 7( a '7 b ') = rf' v = (+ + + + +) and 

^,ai...a 5 _ j e ai...a 5 ^a'i...a' 5 _ ^a! \...a! '5 

We shall use the following representation for each of the two 32-component Majorana- 
Weyl (negative chirality) supergenerators 

Q & = ( _g aa > ) , = , (A.2) 

where Q aa is a 16-component spinor. The two supergenerators (Q\, Q|) of s«(2,2|4) 
will be combined into a 2-vector 

= ( % ) ■ (A.3) 



The commutation relations for the odd part of the superalgebra in |29| can be rewritten 

as 

[Q,P & ] = ^Q£a + Ta, 

{Qa, Qp} = -2i(CPV) &$ P & + £ [{CY ab a^)^J ab - (Cr a ' fe V_) &0 J a , v ] , (A.4) 
where 7r + and a± stand for 32 x 32 matrices 1 x 1 x 7r + and 1 x 1 x a±, 

1 1 1 

7T+ = t^ 1 + (J 3) , a+ = -(ai + ia 2 ) , a- = -((Ti -ia 2 ) , (A.5) 

and Oi are the usual Pauli matrices. We shall also use the following 2x2 matrices 

'-(:;). «=-(;-!)■ 

which will act on the two internal indices of Q in ( A.3 ) . 

The chirality of the spinor Cartan 1-forms L al ' 2 and odd coordinates 6 al ' 2 is opposite 

to that of Q a , i.e. in the 32-component notation L a = I I . The L 1,2 and 6 1 ' 2 can 

be combined into 2-vectors like (|A.3|) and L and 6 in the text stand for such vectors. 
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Appendix B Basic relations for Cartan forms on 

coset superspace 

The Cartan forms satisfy the Maurer-Cartan equations implied by the su(2, 2|4) super- 
algebra 

dL h = -L aS A L b - ilr a A L , (B.l 

dL = -a + L*r & A SL — L^T™ A L , dl = -LS A T a LV + - -LT^ A L aS , (B.2 
2 + 4 > 2 + 4 >v 

dL a6 = -L a A L b - L ac A L cb + LT ab a_ A £L , (B.3 

dL a'V = L a> A jV _ L a>c> A jdV _ l T a'b' a _ ^ _ 4 

As in |29| we set the radii of AdS 5 and S 5 to be 1. It is often useful to use the following 
expressions for the variations of Cartan forms which are also implied by the structure of 
the su(2,2|4) 

5L & = d5x* + L db 5x b + L h 5x bd + 2x1^59 , (B.5 

6L = d59 - -a + L & T & S69 + -L &i V &i 89 + -a+5x h T a £L - -5x &b T ab L , (B.6 
2 + 4 2 + 4 v 

6l = d59 + ^fl£r a LV+ - ^59T* b L ab - ^L£T a 5x*a + + -LY &l 8x &i , (B.7 



Sx & = 6X M Lt, 6x ab = 5X M Lf r . 59 = 5X M L M , (B.8 



where 

x™°- — x v M j ,,, _ ,, , , 

j m , t/x — USY u M . UU — uj^ u M , 

Let us make the rescaling 9 — > td and introduce 

L°(x,6) = L & (x,t9), Lf(x,9) = L db (x,t9), L t (x,0) = L(x,t9) , (B.9 

with the initial condition 

Lt = e\ l£ = <A L t=0 = 0, (B.10 

where e a , u ab are the 5-beins and the Lorentz connections for AdS^ x S 5 . Then the 
defining equations for the Cartan 1-forms are (see eqs. (A.10)-(A.12) and (B.2)-(B.4 
in @ for details) 

d t L\ = -2i9T d L t , (B.ll 

d t L t = d9- ^a + T & £9Lf + -F &i 9Lf , (B.12 

d t Lf = 29£T ab a-L t , d t Lf = -29£Y a ' b V_L t . (B.13 
One can find a closed solution to these equations |K| (we set t — 1) 

L = V(9)D9, L d = e d -2i9T & W(9)D9, (BAA) 
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L ab = ^ab + iQEY ah aJM(Q)DB , L a ' b 
where the matrices V and W are defined by 



-26ST ab a_W(6)D6 . 



V = 



sintu/m 



in 



1 1 1 2 

+ 3! m+ 5! m + "' ' 



W 



cosh-^/m — 1 1 1 



m 



— H — -m H — -m + ... 
2! 4! 6! 



and m is a matrix quadratic in 9 



1. 



+ 2 



(B.15) 

(B.16) 
(B.17) 

(B.18) 



While the relations (B.1)-(B.7) are valid in an arbitrary parametrisation of the coset 
superspace, (B.11)-(B.18) apply only in the parametrisation of (2.2). 

Note that in many formal calculations it is more convenient to use directly the defin- 
ing equations (|B.11|) -( [B.13|) rather then the solution (|B.14|) , the explicit expressions 
( |B.14| ),( |B.15p may be useful in discussion of ^-symmetry gauge fixing and related appli- 
cations. As is well known, the analogs of the expressions (p.l4j ),( [B.15|) can be written 
down for the Cartan forms corresponding to a general symmetric space (see, e.g., |p6|| ). 
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